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instead of having the continuum of states normally available in the conduc
tion band, the conduction band electrons in the narrow-gap material are con
fined to discrete quantum states as described by Eq. (2-33), modified for 
effective mass and finite barrier height. Similarly, the states in the valence 
band available for holes are restricted to discrete levels in the quantum well. 
This is one of the clearest demonstrations of the quantum mechanical re
sults discussed in Chapter 2. From a practical device point of view, the for
mation of discrete quantum states in the GaAs layer of Fig. 3-13 changes 
the energy at which photons can be emitted. An electron on one of the dis
crete conduction band states {Ex in Fig. 3-13) can make a transition to an 
empty discrete valence band state in the GaAs quantum well (such as Eh), 
giving off a photon of energy Eg+ E1 + Eh, greater than the GaAs band gap. 
Semiconductor lasers have been made in which such a quantum well is used 
to raise the energy of the transition from the infrared, typical of GaAs, to 
the red portion of the spectrum. We will see other examples of quantum wells 
in semiconductor devices in later chapters. 

In calculating semiconductor electrical properties and analyzing device be
havior, it is often necessary to know the number of charge carriers per cm3 

in the material. The majority carrier concentration is usually obvious in heav
ily doped material, since one majority carrier is obtained for each impurity 
atom (for the standard doping impurities). The concentration of minority 
carriers is not obvious, however, nor is the temperature dependence of the 
carrier concentrations. 

To obtain equations for the carrier concentrations we must investigate 
the distribution of carriers over the available energy states. This type of dis
tribution is not difficult to calculate, but the derivation requires some back
ground in statistical methods. Since we are primarily concerned here with 
the application of these results to semiconductor materials and devices, we 
shall accept the distribution function as given. 

3.3.1 The Fermi Level 

Electrons in solids obey Eermi-Dirac statistics.3 In the development of this 
type of statistics, one must consider the indistinguishability of the electrons, 

3Examples of other types of statistics are Maxwell-Boltzmann for classical particles (e.g., gas) and Bose-
Einstein for photons. For two discrete energy levels, £2 and E, (with £2 > £,), classical gas atoms follow a 
Boltzmann distribution; the number n2 of atoms in state 52 '

s related to the number n, in E, at thermal equi
librium by 

n2 N2e-^"T N2 IE,.R,lkT 

n, N,e-E'lkT /V, 

assuming the two levels have N2 and N, number of states, respectively. The exponential term exp(-A£/fc7) 
is commonly called the Boltzmann factor. It appears also in the denominator of the Fermi-Dirac distribution 
function. We shall return to the Boltzmann distribution in Chapter 8 in discussions of the properties of 
lasers. 
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their wave nature, and the Pauli exclusion principle. The rather simple result 
of these statistical arguments is that the distribution of electrons over a range 
of allowed energy levels at thermal equilibrium is 

AE) = 
1 

I 4. e(E-EF)/kT (3-10) 

where k is Boltzmann's constant (k = 8.62 x 10~5 eV/K = 1.38 X 10~23 J/K). 
The function /(E), the Fermi-Dirac distribution function, gives the probabil
ity that an available energy state at E will be occupied by an electron at ab
solute temperature T. The quantity EF is called the Fermi level, and it 
represents an important quantity in the analysis of semiconductor behavior. 
We notice that, for an energy E equal to the Fermi level energy EF, the oc
cupation probability is 

f(EF) = [1 + e ^ - ^ - i = 
1 + 1 

(3-11) 

Thus an energy state at the Fermi level has a probability of V2 of being 
occupied by an electron. 

A closer examination of/(£) indicates that at 0 K the distribution takes 
the simple rectangular form shown in Fig. 3-14. With T = 0 in the denomi
nator of the exponent, f(E) is 1/(1 + 0) = 1 when the exponent is negative 
(E < EF), and is 1/(1 -I- 00) = 0 when the exponent is positive (E > £F).This 
rectangular distribution implies that at 0 K every available energy state up 
to EF is filled with electrons, and all states above EF are empty. 

At temperatures higher than 0 K, some probability exists for states 
above the Fermi level to be filled. For example, at T = Tx in Fig. 3-14 there 
is some probability /(E) that states above EF are filled, and there is a corre
sponding probability [1 - / ( £ ) ] that states below EF are empty. The Fermi 
function is symmetrical about EF for all temperatures; that is, the probabili
ty f(EF + AE) that a state AE above EF is filled is the same as the probabil
ity [1 - f(EF - AE)] that a state AE below EF is empty. The symmetry of the 
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distribution of empty and filled states about EF makes the Fermi level a nat
ural reference point in calculations of electron and hole concentrations in 
semiconductors. 

In applying the Fermi-Dirac distribution to semiconductors, we must 
recall that /(E) is the probability of occupancy of an available state at E. 
Thus if there is no available state at E (e.g., in the band gap of a semicon
ductor), there is no possibility of finding an electron there. We can best vi
sualize the relation between /(E) and the band structure by turning the /(E) 
vs. E diagram on its side so that the E scale corresponds to the energies of the 
band diagram (Fig. 3-15). For intrinsic material we know that the concen
tration of holes in the valence band is equal to the concentration of elec
trons in the conduction band. Therefore, the Fermi level EF must lie at the 
middle of the band gap in intrinsic material.4 Since/(£) is symmetrical about 
EF, the electron probability "tail" of f(E) extending into the conduction band 
of Fig. 3-15a is symmetrical with the hole probability tail [1 - /(£)] ' n t ne va
lence band.The distribution function has values within the band gap between 

/ t '£) 

/(£) 1 1/2 0 
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/ (£) 1 1/2 0 

(b) n-type 

Figure 3-15 
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.. -; ''Actually the intrinsic EF is displaced slightly from the middle of the gap, since the densities of available 
states in the valence and conduction bands are not equal (Section 3.3.2). 
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Ev and Ec, but there are no energy states available, and no electron occu
pancy results from/(£) in this range. 

The tails in /(E) are exaggerated in Fig. 3-15 for illustrative purpos
es. Actually, the probability values at Ev and Ec are quite small for intrin
sic material at reasonable temperatures. For example, in Si at 300 K, nt = 
Pi — 1010 cm-3, whereas the densities of available states at Ev and Ec are on 
the order of 1019 cm-3. Thus the probability of occupancy/(£) for an indi
vidual state in the conduction band and the hole probability [1 — /(£)] for 
a state in the valence band are quite small. Because of the relatively large 
density of states in each band, small changes in/(£) can result in significant 
changes in carrier concentration. 

In n-type material there is a high concentration of electrons in the con
duction band compared with the hole concentration in the valence band (re
call Fig. 3-12a).Thus in n-type material the distribution function/(£) must lie 
above its intrinsic position on the energy scale (Fig. 3-15b). Since/(£) retains 
its shape for a particular temperature, the larger concentration of electrons at 
£c in n-type material implies a correspondingly smaller hole concentration 
at Ey, We notice that the value of /(£) for each energy level in the conduction 
band (and therefore the total electron concentration «0) increases as EF moves 
closer to Ec Thus the energy difference (£c - EP) gives a measure of n; we 
shall express this relation mathematically in the following section. 

For p-type material the Fermi level lies near the valence band (Fig. 3-15c) 
such that the [1 - f{£)] tail below £v is larger than the/(£) tail above £c.The value 
of (EF — Ev) indicates how strongly p-type the material is. 

It is usually inconvenient to draw/(£) vs. £ on every energy band dia
gram to indicate the electron and hole distributions. Therefore, it is common 
practice merely to indicate the position of £Fin band diagrams. This is suffi
cient information, since for a particular temperature the position of EF im
plies the distributions in Fig. 3-15. 

3.3.2 Electron and Hole Concentrations at Equilibrium 

The Fermi distribution function can be used to calculate the concentrations 
of electrons and holes in a semiconductor, if the densities of available states 
in the valence and conduction bands are known. For example, the concen
tration of electrons in the conduction band is 

/•CO 

n0= I f{E)N{E)dE (3-12) 

where N{E)dE is the density of states (cm-3) in the energy range dE. The 
subscript 0 used with the electron and hole concentration symbols (n0,p0) in
dicates equilibrium conditions. The number of electrons per unit volume in 
the energy range dE is the product of the density of states and the probabil
ity of occupancy f(E). Thus the total electron concentration is the integral 


